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SUMMARY 


General ways of testing thin- wall tubes under combined tension and 
torsion as a means of checking the various theories of plasticity are 
discussed. Suggestions also are given for the interpretation of the 
tests . 


INTRODUCTION 


Combined torsion and tension (or compression) of thin-wall tubes 
constitutes one of the few testing arrangements in which a fairly general 
state of uniform stress can he realized without too great experimental 
difficulties. It Is not surprising, therefore, that this arrangement 
has been freauently used to check the various theories of plasticity. 
(See, for Instance, references 1 to 5 • ) Uhf ortunately , such combined 
tension and torsion tests are often conducted so as to keep the ratio 
of axial load and torque constant during any one test. In this case, 
the directions of the principal stresses as well as the ratios of their 
intensities are preserved during the plastic deformation, and various 
theories of plasticity furnish Identical predictions. Tests of this 
particular type therefore do not provide a check of these theories. 

In the present paper , more general ways of testing thin-wall tubes 
under combined tension and torsion are discussed, and suggestions are 
given for the Interpretation of such tests . 


THEORIES OF PLASTIC DEFORMATION AND PLASTIC FLOW 


In the mathematical theory of plasticity two kinds of stress -strain 
relations are currently used to describe the mechanical behavior of 
quasi- isotropic metals in the strain -hardening range. In this paper, 
the theories of these two groups are called theories of plastic deformation 
and theories of plastic flow, following an apt proposal of A. A. Ilyushin 
(reference 6) • A recent paper by G. H. Handel man, C. C. Lin, and W. Prager 
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(reference 7) contains a detailed discussion of the general stress-strain 
relations of these theories; the present discussion can therefore he 
restricted to the special case of comhined tension and torsion of thin- 
vall tubes. 

The stress-strain relation of a theory of- plastic deformation 
establishes a one-to-one correspondence between the instantaneous states 
of stress and strain. The stress -strain relation of a theory of plastic 
flow, on the other hand, establishes a one-to-one correspondence between 
the infinitesimal increments of stress and strain when the instantaneous 
state of stress is known. A stress- strain relation of this kind will 
therefore contain the instantaneous stress components in addition to 
the differentials of -the components of stress and strain; it must, of 
course, be homogeneous in these differentials, and if there is to be 
a one-to-one correspondence between the differentials of stress and 
strain, the stress-strain relation must be linear in these differentials. 
It is often convenient to avoid differentials by replacing them by the 
first derivatives of the components of stress and strain with respect to 
time. When written in this form, the stress-strain relations of the 
theories of plastic flow appear as linear forms in the time rates of 
change of stress and strain with coefficients which depend on the 
instantaneous stress. It is important to remark, however, that these 
stress-strain relations do not represent any viscosity effects in spite 
of the appearance of the rates of stress and strain. In fact, since 
these rates appear in a homogeneous form, the relation between stresses 
and strains is not affected by an arbitrary distortion of the time 
scale; accordingly, time enters only as a parameter which is convenient 
for the detailed description of the loading process. If the loads 
applied to a plastic body vary in such a manner that there 1 b at least 
one load which always varies when the other loads vary, the intensity 
of this load may be used as a measure of time . 

If the stress- strain relations of a theory of plaBtic deformation 
iare differentiated with respect to time, the resulting relations will 
also be linear and homogeneous in the time derivatives of stress and 
strain, and hence resemble the stress-strain relations of the theory of 
plastic flow. However, the stress-strain relations obtained in this 
manner, while involving the time derivatives of stress and strain, can 
be integrated with respect to time. The stress-strain relations of the 
theories of plastic flow, on the other hand, are not - supposed to be 
integrable :Ln this manner. 


DEVIATIONS OF STRESS AND STRAIN - POWERS 
AND INVARIANTS OF THE STRESS DEVIATION 


R 


In the following discussion, the symbols are defined as 
mean radius of- tubular test specimen 
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vail thickness of test specimen 

axial force 

torque 

axial stress (P /2rfRv) 

shearing stress (t/2j 

unit extension in axial direction 

unit contractions in circumferential and 
radial directions, respectively 

angle of tvist per unit length 

shearing strain (E0/2) 


For convenience, the axial force P and the axial Btress a are assumed 
to represent tension in the present paper. In the case of compression, 
the signs of P and a must "be changed in all formulas. Also, contrary 
to present engineering practice, the shearing strain is defined herein 
as E0/2 rather than E0 . This is necessary if unduly complicated 
formulas are to he avoided. 


With the symbols as defined, the tensors of stress anr) strain are 
given by 


CTO 


0 

1 

TOO 

and 

•-i 

1 

0 

0 0 0 _ 


_o 0 


The mean normal stress equals a/3, and the mean normal strain, 



( 1 ) 


The deviations of stress and strain are obtained by subtracting al/3 
and (e - n - tv*) l/3, from the tensors of stress and strain, respectively, 
■where 

fl 0 Ol 


I = 


0 


1 0 


( 2 ) 


0 0 1 
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Thus, 


2ct/3 

T 
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T 

-ff/3 
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0 

0 

■ff/3 


(3) 


and 


E 


(26 + tj + rj*)/3 7 

7 - (€ + 2ij - tj*)/3 


0 

0 


- (€ - n + 2t)*)/3 


00 


are the deviations of* stress and strain. In the present paper, underscoring 
is used to indicate tensors. 

The square of the stress deviation is obtained by squaring equation (3) 
lkr 2 /9 + t 2 o t /3 0 

or/3 fP-/9 + t 2 0 (5) 

0 0 <£/9 


Similarly, 


8 a 3 /27 + ai 2 

/3 + t 3 
0 


o 

0T~ / 


0T 2 /3 + T 3 0 

-©3/27 0 

0 -cr 3 /27 


( 6 ) 


As is veil known, the traces of the tensors S 2 and S 3 (i.e., the 
sums of this terms in the principal diagonals) are~"indepen4ent of the 
particular Cartesian coordinate system to vhich these tensors may be 
referred. It will be convenient to define as the second- and third- 
order Invariants of S one -half the trace of Er and one- third the 
trace of J3 3 , respectively: 


id 2 

3 


+ T' 


K 


2 o 1 o 

— a- 5 + — 

27 3 


(7) 

( 8 ) 


Inspection of equations ( 3 ), (5), (6), ( 7 ), and (8) shows that 

S 3 = JS + Kl 


( 9 ) 
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This is the special form ■which the Hamilton-Cayley theorem (reference 8) 
assumes for the stress deviation. Because of this relation, the third 
and all higher povers of S can "be expressed in terms of S, Sp, and 
powers of the invariants J and K, as is seen "by multiplying equation (9) 
repeatedly "by S and using equation (9) to reduce the right-hand sides 
of the resulting equations. 


REVERS IBLE AND PERMANENT STRAINS - LOADING- AND UNLOADING 


The theories of plastic deformation as veil as those of plastic 
flow assume the total strain to he the sum of a reversible and a 
permanent component, often called elastic and plastic strains. Within 
the elastic range, the permanent strains vanish and all strains are 
reversible. Once the elastic limit has been exceeded, complete tinloading 
of a test specimen, which has been under a state of homogeneous stress, 
will reveal the permanent or plastic strain associated with this state 
of stress . That component of strain which disappears during the unloading 
process is the reversible or elastic strain. 

It is generally assumed that each of these two components of strain 
is related to the stress in a manner which does not involve the other 
component. In particular, the reversible strain Is assumed to be related 
to the stress by means of the generalized law of Hooke. Moreover, It 
is generally assumed that all changes of volume are completely reversible, 
so that the permanent strain involves a change of shape but no change 
of volume. 


T-n the following discussion, reversible and permanent strains will 
be indicated by 1 and ", respectively. The assumptions just stated 
are then expressed by the following equations s 

e ' » at- E 0 

T] ' = T)*' 




(10) 


- u ocr/E 0 
7 ' - t/2G q 


II 

T1 


+ 




II 


e 


(H) 


where E . G . and « denote the values of Young's modulus, shear 
o 7 o 7 o 

modulus, and Poisson's ratio in the elastic range. Since 

E o * “o* 1 + 


( 12 ) 
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substitution of equation (10) into equation (4) and comparison vith 
equation ( 3 ) yield 

I' - S/2G 0 (13) 

The permanent strain is therefore given "by 

E" » E - E' 

- E - S/2G 0 (1U) 

Reference to equations ( 3 ) and (4) shows equation (14) to yield only three 
independent scalar equations. Together with equation (11), these three 
equations permit the permanent strains e", t| , tj*", and 7" to "be 

computed from the measured total strains 6 , q, tj*, 7 and the 
stresses nr and t; they are 

c" - |(2f + T, + Tl*) - |§- (15) 


n" * “ |( € + - r\*) + ~ (16) 


and 



(17) 


Before specific stress- strain relations can he formulated, a 
criterion for loading and unloading must he adopted. In the case of 
simple tension or compression, loading corresponds to an increase in a d 
ami unloading, to a decrease. 7or the more general states of stress 
considered, herein, it will he assumed that loading corresponds to an 
increase of the invariant J (equation ( 7 )) aid unloading, to a decrease. 
Thus, for loading. 


i c or + t t > 0 ( 10 ) 

3 


and for unloading, 


1 

3 


a 


or + 


T -r < 0 


( 19 ) 


where the dots denote differentiation with respect to time. 
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STRESS-STRAIN RELATIONS 


Discussing theories of plastic deformation, W. Prager (reference 9) 
established the most general stress-strain relation ■which is compatible 
with certain simple postulates. A useful transformation of this stress- 
strain relation is found in section 5 of reference 7 • With 


a - K 2 /j3 

(20) 

and 



(21) 

this stress-strain relation may be written in the farm 


2G-qE" - f (J,a) [S + p(a)T] 

(22) 


For combined tension and torsion of thin-wall tubes, equation (22) 
may be further transformed as follows. According to equation (20), 


a « + 9 t 2 ) 2 

ZjCa 2 + 2 t 2 )3 

p2(2pg + 9)2 
27(p 2 +3) 3 

where 

p «* c/t 

Moreover, 

J “ “ (o 2 + 3 t 2 ) 

• (p 2 + 3) 


(23) 


(24) 


(25) 


The function f(j,a) can therefore be considered as a function of t 
and p s 


f (J,a) » <p(t , p) 


( 26 ) 


Similarly, the function p(a) can be considered as a function of p: 


P(a) * t(p) 


(27) 
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Equation (22) may thus "be written in the form.: 

2Gol" » <P(t, P ) [s + t(p)£| 


( 28 ) 


where 


T 


T + 9) 
3(p 2 + 3) 2 


2 p 2 /9 + 1/3 
p/3 
0 


p/3 

- p 2 /9 + 1/3 


0 


0 

- p 2 /9 - 2/3 


(29) 


The functions <p and f can he detejnained by a series of tests 
during each of which the value of p is kept- constant. According to 
equation (28), the ratio e"/?" will remain constant during each of 
these tests: 


e" 6p(p 2 + 3)2 + 3 P (2p 2 + 9)(2p g /9 + 1/3) *(p) 

7 1 " " 9( p 2 + 3)2 + p2(2p^ + 9) *Cp) 

Each observed value of e"/r" corresponding to a certain value of p 
therefore furnishes the value of + for this value of p. 

After t(p) has been obtained, the function <p(t,p) can be 
determined, from the shear component of equation (22) : 


2Gor" 


<p(t,p) 


1 + 

_ 


t(p) 


p2 (2p 2 + 9) 
9(p 2 + 3) 2 


(3D 


The bracketed term on the right-hand side of this equation depends only- 
on p and. thus remains constant during each of the aforementioned tests. 
A graph of the function <p(r,p) for the particular value of p which is 
maintained, constant during the teBt is therefore obtained by plotting 


<P(t,p) 


l8Cr 0 7 ,, (p 2 + 3) 2 

t[9(p 2 + 3) 2 + p 2 (2p 2 + 9) *(p)]| 


(32) 


against t. Here, 7" must be computed from the observed shearing 
strain 7 in accordance with equation (17) * 


As regards the theories of-plastic flow, the differential stress - 
strain relation which is analogous to equation (23) has the form 

2G 0 dE" » *(t, P ) [S + t(p)l] <hT (33) 

If <p(t,p) and f(p) are given, the function 5>(t,p) can be determined 
so that equations (28) and (33) predict the same mechanical behavior for 
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any test during which p 

is kept constant . 

During such a test. 

O * PT, 

and hence 






dc «= 

p dT ' 




- 

a It/t 




df-5 a 

S ±t/t ' 

> 

(34) 


dT « 

T dT/r 




dJ - 

2j Q-t/t 



Equation (28) thus yields 





2G o 

AT?" « 
31 


■ f?) dr 

(35) 


while equation (33) furnishes 

2G 0 dE " - 24> (S + *T) cLt ( 36 ) 

On account of equation ( 25 ) , comparison of equations (35) and ( 36 ) yields 


* 


3 

2t (p 2 + 3)\8 t T / 


(37) 


SOGGESTED TEST 


If the functions $ and <p are related to each other "by means 
of .equation (37), the stress- strain relations, equations (28) and (33) 
furnish the same prediction for any test during which p is kept ? 
constant. A decision between the theories of plastic deformation and 
plastic flow therefore requires more general tests during which p is 
allowed to vary. For mild steel with negligible strain hardening such 
tests hare been made by K. Hohenemser and W. Prager (reference 3) j for 
materials with pronounced strain hardening, however, systematic tests of 
this kind do not seem to have been carried out as yet. A possible 
method by which these tests could be carried out is given in the following 
discussion. 


A decisive difference between the two kinds of theory of plastic 
action is revealed in a test in which simple torsion is followed by 
tension during which the torque is maintained constant. At the instant 
of beginning tension cr = 0 and thereafter dT » 0. Accordingly, 


dJ 


2 

3 


(c dor + 3 t dr) 


0 


(38) 
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at this inBtant, and equation (33) yields 

d|l" = 0 


(39) 


According to the theories of plastic flow, the initial value of the 
ratio do/ie should therefore equal Young's modulus E Q quite independently 
of the precise form of the functions $ and According to the 

theories of plastic deformation, on the other hand, 

2G 0 ai" » (s + +T) dsp + cp(ds + ♦ dT + T dt) (h- 0 ) 

Nov, at the instant of "beginning tension cr = 0, that is, p « 0, and 
thereafter dr = 0, that is, dp » dcr/r* Thus, the following normal 
components in the direction of the axis of the tube are obtained: 


S ) 
as ) 
T ) 
dT ) 
as" ) 



> 


Equation (4o) yields then 

9E q de" = 9 (t, 0) (l + U Q ) \6 + t(0)] do 


(41) 


(42) 


where G Q haB been replaced by its value from equation (12) . 
de' ■ do/E 0 and de «= de' + de", 

do ^ 9E P 

d « “ 9 + <p(t,0) (1 + t> a ) [6 + t(0j 


Since 


(43) 


Similarly, 


do = 2Gp 
d 7 8ep/8p 


(44) 


Since the functions <p and ♦ can be determined from the tests 
described in the preceding section, the right-hand sides of equati ons (43) 
and (WO can be computed as functions of t and equation (28) can be 
checked by experiment. 


Brown University - 

Providence, P . I., March 26, 1947 
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